QUASICOHERENT SHEAVES ON COMPLEX NONCOMMUTATIVE 

TWO-TORI 

A. POLISHCHUK 

Abstract. We introduce the notion of a quasicoherent sheaf on a complex noncommu- 
tative two-torus T as an ind-object in the category of holomorphic vector bundles on T. 
Extending the results of [10] and [9] we prove that the derived category of quasicoherent 
sheaves on T is equivalent to the derived category of usual quasicoherent sheaves on 
the corresponing elliptic curve. We define the rank of a quasicoherent sheaf on T that 
can take arbitrary nonnegative real values. We study the category Qcoh(77y) obtained 
by taking the quotient of the category of quasicoherent sheaves by the subcategory of 
objects of rank zero (called torsion sheaves). We show that projective objects of finite 
rank in Qcoh{riT) are classified up to an isomorphism by their rank. We also prove that 
the subcategory of objects of finite rank in Qcoh(?7T) is equivalent to the category of 
finitely presented modules over a semihereditary algebra. 



Introduction 

The goal of this paper is to define and study the category of quasicoherent sheaves on 
a noncommutative two-torus equipped with a complex structure. Recall that a noncom- 
mutative two-torus Tg is defined via its algebra of smooth functions Aq that is determined 
by an irrational real number 6. A complex structure on Tg is given by a certain derivation 
6t- of the algebra Ag associated with a complex parameter r (see section 1.1). We view 
this derivation as an analogue of the operator d. We denote by T = Tg^^- the obtained 
complex noncommutative torus. Holomorphic vector bundles on T are defined as finitely 
generated projective right Ag-modules equipped with a lifting of 6r (see section 1.1). 

The category Vect(T) of holomorphic vector bundles on T was studied in [10], [8] and 
[9]. In particular, it was proved in [9] that this category is abelian. Furthermore, if one 
tries to mimick the usual definition of a coherent sheaf in this situation one obtains that 
every such coherent sheaf is a vector bundle (see Theorem 2.2.2). Thus, there are no 
analogues of coherent torsion sheaves in our situation. However, as we will show, things 
become more interesting if we consider quasicoherent sheaves. We define the category 
Qcoh(T) of quasicoherent sheaves as the category of ind-objects in Vect(T). We realize 
this category explicitly as a full subcategory in the larger category of holomorphic modules 
on T (these are arbitrary A^-modules equipped with a lifting of 6r, see section 2.3). 

Our first result is that the category Qcoh(T) is equivalent to a certain abelian subcat- 
egory in the derived category D''{Qcoh.{E)) of usual quasicoherent sheaves on the elliptic 
curve E = C/(Z + Zr). This extends a similar result for Vect(T) (see [10], [9]). Fur- 
thermore, there is an equivalence of derived categories Z)''(Qcoh(T)) ~ D^{Qcoh.{E)) (see 
Theorem 2.4.5). 
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Next, we prove that the rank of a vector bundle on T (which is a nonnegative real 
number of the form mO + n with m,n & Z) extends naturally to an additive function 
on the category of quasicoherent sheaves taking all possible values in M>o U {+00} (see 
Theorem 2.5.1 and Corollary 2.7.4). 

We define torsion sheaves as quasicoherent sheaves of rank zero. It turns out that there 
are many nontrivial torsion sheaves on T. In fact, the subcategory Tors of torsion sheaves 
is big enough to make the passage from Qcoh(T) to the quotient-category 

Qcoh(r/T) := Qcoh(r)/Tors 

in many ways similar to the passage to the general point in commutative algebraic geom- 
etry. 

Note that by definition the rank descends to an additive function on Qcoh(777'). Let 
Qcoh^(?7r) denote the full subcategory of Qcoh(77r) consisting of quasicoherent sheaves of 
finite rank. 

Our main result is that the category Qcoh^ (tit) is equivalent to the category of finitely 
presented modules over a semihereditary ring and that projective objects of Qcoh'^(?7r) 
are uniquely determined by their rank that can be an arbitrary real number (see Theorem 
3.3.3, Proposition 3.3.1, Corollaries 3.2.5 and 3.2.6). We also show that projective objects 
of Qcoh-^ (tit) correspond to quasi vector bundles, i.e., filtering unions of holomorphic 
vector bundles (see Theorem 3.1.6). The above equivalence of categories is obtained by 
taking a projective object P e Qcoh'^(?77^) and sending X e Qcoh'^(?7T) to the module 

HomQcoh(r?T)(-P>-'^) over the ring Rp = EndQcoh(r7r)(-P)- 

To a large extent the study of the category Qcoh{riT) reduces to the problem of con- 
structing holomorphic subbundles and quasicoherent subsheaves in a stable holomorphic 
bundle V" on T with given properties (sec section 1.1 for the definition of stability for 
bundles on T). One of the constructions we use can be considered as a categorification 
of a two-sided version of the continuous fraction process (see sections 1.2 and 1.3). Sub- 
bundles constructed in this way are numbered by vertices of a binary tree and depend 
also on some continuous parameters. Theorem 1.3.1 implies that the ranks of the sub- 
bundles of V obtained by this construction are constrained only by the requirement that 
the corresponding slope is smaller than the slope of V (of course, these ranks also should 
be smaller than rk V) . 

One may wonder what kind of restrictions one gets for 745i-modules underlying quasico- 
herent sheaves on T. We consider the subcategory of countably generated quasicoherent 
sheaves and show that it is a Serre subcategory in Qcoh(T') and that the underlying 
74g-modules always have projective dimension < 1 but are not necessarily projective (see 
Theorem 2.9.4, Corollary 2.7.4). In particular, we derive that every quasicoherent ideal in 
A0 is countably generated. The proof is based on the analogue of the Harder-Narasimhan 
filtration for quasicoherent subsheaves of holomorphic vector bundles on T (see section 
2.8). 

One may view the ring Rp appearing above as an algebraic version of the von Neumann 
factor of type Hi. Namely, if P is a vector bundle then such a factor appears as the 
closure of the endomorphism algebra EiidAg{P) in the algebra of bounded operators on 
the appropriate Hilbert space. We conjecture that algebra Rp contains a "convergent" 
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subalgebra R'p with Kq{R'p) — Kq{Rp) — R such that R'p embeds also into the above 
von Neumann factor. 

The plan of the paper is as follows. In section 1 we prove some auxiliary statements 
about the category Vect(T) of holomorphic vector bundles. In section 2 we define and 
study the category Qcoh(T') of quasicoherent sheaves. This includes realizing Qcoh(T') 
explicitly as the category of admissible holomorphic modules in 2.3, establishing the equiv- 
alence of derived categories in 2.4, and constructing the extension of the rank function 
to quasicoherent sheaves in 2.5. We also study the subcategory of countably presented 
quasicoherent sheaves in 2.9. Finally, in section 3 we prove our results about the category 
Qcoh(?72-) of "sheaves at the general point of T" (and its subcategory Q^coh^ [tit)) ■ 
Acknowledgment. 1 am grateful to Paul Smith for the stimulating question on possible 
ranks of holomorphic ideals in Aq. The answer to this question is Theorem 1.3.1. I'm 
also indebted to Amnon Neeman for a helpful discussion on inductive hmits in derived 
categories. 

1. Some facts about the category of holomorphic bundles on T 

In this section wc prove some results about holomorphic bundles on a uoncommutative 
torus T that will be used in our study of quasicoherent sheaves on T. After providing 
some background we describe in 1.3 two constructions of subbundles in holomorphic vector 
bundles on T that will play a crucial role in section 3. Then in 1.4 we show that every 
two holomorphic vector bundles of the same rank on T are deformation equivalent. 

1.1. Preliminaries. Throughout this paper the number 9 is assumed to be irrational. 
By a module over a ring we always mean a right module (same convention for ideals). 

The algebra Aq of smooth functions on the uoncommutative torus Te is defined as the 
algebra of series of the form n)£7? '^m,nU^U2 , where the generators Ui and U2 satisfy 
the commutation relation U1U2 = exp{27ii6)U2Ui, and (am,n) is a collection of complex 
numbers rapidly decreasing as + — > 00. We fix r e C such that Imr < and 
consider the derivation 

Sr:Ae^Ae:J2 <^m,nUrU^ ^ 2m ^ a^,„(mT + n)UrU^ 

as an analogue of the 9-operator giving the complex structure on our uoncommutative 
torus. By definition, a vector bundle on Tg is a finitely generated projective right Aq- 
module. A holomorphic vector bundle on Tq is a vector bundle P equipped with an 
operator V : P ^ P such that 

V(sa) = V(s)a + s6r{a) (l-l-l) 

for all s G P, a G Aq. 

The category Vect(T) of holomorphic vector bundles on a uoncommutative complex 
torus T — Tq^t was studied in [10] and [9]. We showed that there is an equivalence of 
Vect(T) with a certain abelian subcategory in the derived category D^{E) of coherent 
sheaves on the eUiptic curve E — "Lt). Nonzero objects F satisfy 



rk,(F) := deg^(F)e + rkE(F) >0, 
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where deg^ and rk^ are the standard degree and rank functions on D''{E). On the other 
hand, for a vector bundle on a noncommutativc torus there is also a notion of rank defined 
using the trace tr : ^ M : Ylimn^rn,nU"'U2 ^ flo.o- For V ^ Vect(T) we denote this 
rank by ikV . If we view V as an object of via the equivalence Vect(T) ~ then 
we have xk{V) = ike{V). We will also use the functions deg(l^) = dege(\^) (degree) 
and [Ji{y) = deg{V) /rk(y) (slope). Note that the degree is determined by the rank: 
deg(\^) = m, where rk(\^) = mO + n with m,n ^Z,. 

Definition. We say that an object A in D^{E) is stable (resp., semistable) if A ~ J-[n\, 
where JF is either a stable vector bundle on E or the structure sheaf of a point in E (resp., 
is either a semistable vector bundle or a torsion sheaf). 

Note that every object of D^(E) can be decomposed into a direct sum of semistable 
objects. Viewing Vect(T) as a subcategory in D''{E) we obtain the definition of stability 
and semistability for holomorphic vector bundles on D^{E). It is easy to see that stable 
holomorphic bundles on T correspond exactly to standard holomorphic structures on basic 
projective modules over Ag (see [10]). In the following lemma we check that the above 
definition coincides with the notion of stability obtained using slopes of bundles on T. 

Lemma 1.1.1. A holomorphic vector bundle V on T is stable (resp., semistable) iff for 
every subhundle W G V such that < rkW < rkV, one has IJ,{W) < fJ>{V) (resp., 
fi{W) < fi{V)). 

Proof. We will only prove the part concerning semistability and leave the stability part 
to the reader. Assume first that V is semistable. If is a semistable bundle on T 
then IIom(VF, y) ^ only if /d{W) < fJ^iV) (this follows from Lemma 1.6 of [8] using 
Serre duality). Since every vector bundle of slope contains a semistable subbundle of 
slope > jj,, the "only if part follows. Conversely, assume that for every W C V with 
< rkVF < rky one has Ijl{W) < Ijl{V). Let Vq CV he a, maximal semistable subbundle 
of maximal slope (it exists). Then Ijl{Vo) < Ijl{V) hence we should have Vq — V, i.e., V is 
semistable. □ 



Lemma 1.1.2. Let X ^ Y ^ Z ^ X[l] be an exact triangle in D^{E) with X, F G . 
Assume that Z = (B^^iZi, where each Zi is semistable with rk^i(Zj) > (resp., ik^^Zi) < 
0). Then Z eC^ (resp., Z[-l] e C^). 

Proof. Let : D^{E) be the cohomology functors associated with the t-structure 

that has as a heart. Then we have Z ~ H^[Z) © H~^[Z)\1\. Now the condition 
that rkg takes positive (resp., negative) values on semistable summands of Z implies that 
H-^{Z) = (resp., H\Z)). □ 

Remark. Statements similar to Lemmas 1.1.1 and 1.1.2 hold in the more general frame- 
work of stability conditions on derived categories developed in [3]. More precisely, in 
Lemma 1.1.2 one has to replace the rank with the imaginary part of the central charge 
function. Also, Zj's should be replaced by the Harder- Narasimhan constituents of Z. 
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Recall that if 9 and 9' are related by a fractional-linear transformation then the al- 
gebras Aq and Aqi are Morita equivalent. The corresponding categories of holomorphic 
bundles Vect(Te.^) and Vect(T0/^^) arc equivalent. For every such Morita equivalence 
$ : Vect(T)^Vect(T') we have rk(<l>(y)) = c • rk{V) for some constant c > 0. More- 
over, for every stable vector bundle V onT there exists a Morita equivalence $ such that 
rk($(T/)) = 1. 

1.2. Binary division process associated with an irrational number. Let us denote 
Lg = Z9 + Z and let V C Lq he the set of primitive vectors in Lq. We also denote 

p>o = Pn(o,+oo). 

We equip = Z9 + Z with a Z- valued bilinear form x = by setting 

x{f^9 + n, m9 + n') = m'n — mn'. 

Note that L_0 = Lq but x_5i = —Xe- Recall that V G Lq denotes the set of primitive 
vectors and P>o = V r\{0, +oo). 

Lemma 1.2.1. For every v G V>o there exists a unique vector (f){v) G V>o such that 
(j){v) < V and xi(/>iv),v) — 1. 

Proof. Let v — m9 + n. We are looking for a vector mi9 + ui G Lg such that < 
mi9 + ni < m9 + n and mui — ruiu — 1. Thus, it suffices to prove the existence and 
uniqueness of mi G Z such that ruiU = — l(m) and 

^ mi(m9 + n) + 1 . , 

< — <m9 + n. 

m 

The latter condition is equivalent to 

< sign(m)[mi -|- {m9 + n)^-^] < |m|. (1-2-1) 

Thus, mi should be within a given interval of length |m| with irrational ends. Since 
the residue of mi modulo |m| is fixed by the condition min = — l(m) we get a unique 
solution. □ 

Using the map (p = (pg : V^o ~^ ^>o we can define a canonical way to divide every 
segment [a, b] such that b — a & P>o into two subsegments: [a, a + 4>{b — a)] and [a + 
(f){b — a),b]. Moreover, each of the two new segments also has the length in V^q. Let us 
start with the segment [0, 1] and divide it into two subsegments using this recipe. Then 
divide each of the new segments in two subsegments again, etc. Below we will refer to the 
subsegments [a, b] C [0, 1] that are being divided in this process as division subsegments. 
Let Bg C (0, 1) denote the set of endpoints of all the division subsegments. 

Theorem 1.2.2. The set Bg coincides with the set of all mO -|- n G fl (0, 1) such that 
m < 0. 

Proof. It is easy to see that X-d — Xe on L_g — Lg. Hence, (j)-g{v) = v — (f)g{v) for 
V G Vyo- This implies that B-g = 1 — Bg. Thus, the assertions of the theorem for 9 and 
for —9 are equivalent. Let us first prove that for m9 -\- n E Bg one has m < 0. Assume 
that V = m9 -|- n is an element of the k-th generation of points obtained by our division 
process. We use induction in k. The first point of the division process is a — ^, where a 
is the unique integer such that 0<a — ^<1, so the assertion holds for A; = 1. Assume 
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that our claim is true for all k' < k and for all 9. Changing 6 to —6 if necessary we can 
assume that v < a — 6. Set 6' = l/{a — 6) and v' = v/{a — 9). We claim that v' is a 
{k — l)-th generation point of the division process associated with 9' . Indeed, the map 
a : w ^ w /{a — 9) is axi order-preserving isomorphism from Lq to Lqi. Furthermore, since 
a{l) — 9' and a{9) — a9' — 1, one can easily check that a is compatible with the forms xe 
and Xd' ^T^d hence with maps 00 and ^g'. This implies that a maps the division process 
of [0, a — 9] associated with 9 to the division process of [0, 1] associated with 9' as we 
claimed. By induction assumption v' = m'9' + n' where m' < 0. Since v' > this implies 
that n' > —m9' > 0. Hence, 

v = (a- 9){m'9' + n') = m' + {a - 9)n' = -n'9 + (m' + an') 

has negative coefficient with 9. 

Now let us prove that conversely every vector v — m9 + n e L^/ n (0, 1) with m < 
belongs to Bg. We use induction in |m|. If m = — 1 then v coincides with the first division 
point a — 9, so the base of induction is valid. Assume that the assertion is true for all 
vectors with smaller \m\ (and all 9). Changing 9 to —9 and v to 1 — if necessary we can 
assume that v < a — 9 (note that \m\ remains invariant under such a change). Now let 
us consider v' — v/{a — 9) e Lg/ where 9' — l/{a — 9). Then v' — {ma -\-n)9' — m. We 
claim that 

m < ma + n < 0. 

This would finish the proof by applying the induction assumption to v'. Since m < the 
inequalities we need are equivalent to 

l>a + — >0. (1.2.2) 

m 

Now the inequalities < m9 + n<l,0<a — 9<1 imply 

a + — <^ + l + — <1, 
m m 

n ^ n 1 

aH > 9-\ >— . 

m mm 

It remains to exclude the possibility a + ^ — 0. But in this case we would have m9 + n — 
—m{a — 9) which contradicts to m9 + n < a — 9. □ 

CoroUeiry 1.2.3. The set Bg is dense in (0, 1). 

1.3. Construction of subbundles. We use two methods to construct subbundles in 
holomorphic vector bundles on T = Tg^. The first method is based on the binary division 
process described in the previous section. 

Theorem 1.3.1. For every stable vector bundle P on T and every r & Lg such that 
< r < rkP and x('", rkP) > 0, there exists a subbundle V G P such that ikV = r. 

Proof. Using Morita equivalences we can reduce ourselves to the case rkP = 1. Then the 
condition x(r, rkP) > on r = m9 + n e Z6' + Z is equivalent to m < 0. Thus, we have 
to show that for every such r < 1 there exists a subbundle V C P with rkV — r. By 
Theorem 1.2.2 we have r E Bg. Now we claim that one can associate to every division 
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subsegment [a, b] a stable vector bundle Va^b rank b — a, such that Vo,i = P and for the 
new division point c e (a, b) one has an exact sequence 

Indeed, assume that Va,b is already chosen. Then for the new division point c G (a, 6) we 
can choose V^^c to be any stable bundle of rank c — a and then observe that the condition 
x{c — a, b — a) = l implies that Hom(V^_c, Va,b) is one-dimensional and Hom^(V'a^c, = 0. 
We claim that the unique nonzero morphism / : Va,c — K,6 is injective. Indeed, identifying 
Vect(T) with the subcategory C D\E) we can consider the cone of / as an object 
in D^{E). Since Cone(/) is the value on Va,c of the reflection functor associated with 
Va^b (see [11]), it follows that Cone(/) is stable. According to Lemma 1.1.2 this implies 
that Cone(/) G which implies our claim. Now we can define inductively a family 
of subbundles Fo,a C Vq^i — P for all a e Bq, such that for every division subsegment 
[a,b] one has Vo,a C Vo,b and Vo,b/Vo,a — Indeed, assume that Vo,a C Vq^ for the 

subsegment [a, b] are already defined. Then for the new division point c G (a, b) we define 
Vo,c C Vb,6 as the preimage of K.c C K,6 under the projection Vb,6 ^ Vo,b/Vo^a - Va,b- By 
the construction the subbundle V = l/o,r has rank r. □ 

Another way to construct subbundles is based on the following lemma. 

Lemma 1.3.2. Let A and B be a pair of stable objects in D^{E) . Assume that }iom{A, B) ^ 
and B.om\A, B) = for i ^ 0. Then for a generic morphism f G Hom(74, B) the object 
Cone(/) is semistable. 

Proof. Without loss of generality we can assume that B = for some x & E (one has 
to use the action of a central extension of SL2(Z) on D^{E)). Then A is a stable vector 
bundle on E and we have to prove that for a generic morphism f : A ^ Ox the kernel of 
/ is semistable. Let r = rk A, d = dcgA. For every pair of relative prime numbers (r', d') 
let Mj-'^d' be the moduli space of stable bundles of rank r' and degree d'. Note that if 
ker(/) is unstable then it can be destabilized by some stable bundle V G M^'^d' such that 

d — 1 d' d 
< - < - 

and r' < r. Note that 

dimPHom(y, A) = dr' ~ rd' — 1 < r' — 1. 

Since dim Mr'^d' = 1 we see that the family of possible bundles V G A of this type has 
dimension < r'. To every such V there corresponds the (r — r')-dimensional subspace 
in Hom(A, O^) consisting of morphisms vanishing on V. Therefore, a generic element 
/ G Hom(A, Ox) does not belong to any of these subspaces. Hence, for such an element 
the bundle ker(/) will be semistable. □ 

Remark. The statement of the above lemma will become false if we assume only that A 
and B are semistable. For example, any morphism from A — Oe to B — O^ ® O^ has 
nonzero kernel and cokernel. Hence, its cone is not semistable. 

The following result will play a crucial role in the proof of Theorem 3.1.6. 
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Lemma 1.3.3. For every vector bundle P and for a pair of real numbers e > and C 
there exists a vector bundle P' G P such that rkP' > rkP — e and P' is a direct sum of 
semistable vector bundles of slopes < C . 

Proof. First, we can reduce the proof to the case when the vector bundle P is stable. 
Indeed, it suffices to check that if P fits into the exact sequence 



and the assertion of the lemma holds for Pi and P2 (and arbitrary e and C), then the 
assertion holds also for P. Let A be the minimum of slopes of semistable bundles in the 
Harder-Narasimhan ffitration of Pi. By assumption, we can find subbundles P[ C Pi and 
P2 C P2 such that rkPi' > rkPi - e/2, rkP^ > rkPg - e/2 and such that P[ and P^ are 
direct sums of semistable bundles of slopes < min(A. C). Then Ext^(P2, Pi) = 0, so there 
exists a splitting P2 P. Now we set P' = P[ ® P^d P. 

Thus, we can assume that P is a stable holomorphic vector bundle. Using principal 
convergents to — ^ we can choose a sequence of pairs of relatively prime integers (pri, qn) 
such that Pn + > 0, lim„_>oo(p„ + q^O) — and lim„^oo q^ — +00. Let 14 be a stable 
holomorphic vector bundle on T with rk(l^j) = Pn + qnd- Then lim„^oo /^(Ki) — +00. 
Hence, for sufficiently large n we have > /i(P) and rk{Vn) < rk(P). Now Lemmas 

1.3.2 and 1.1.2 imply that a generic morphism / : P — ^ is surjective and P' = ker(/) 
is semistable (provided n is large enough). Note that deg(P') = deg(P) — qn ^ —00 as 
n — > 00. Hence, for large enough n we will have //(P') < C and rk(P') > rkP — e. □ 

1.4. Deformation equivalence. We start with the following combinatorial 

Lemma 1.4.1. Let us consider the set of unordered n-tuples (fi, . . . ,Vn) of primitive 

vectors in 1? such that ^ M>o'^i + • • • + IR>o'^n (we take the union over all n > 1). 
Consider the equivalence relation on this set generated by all relations of the following 
kind: an n-tuple (f 1, . . . , Vn) is equivalent to {w, ... , w, V3, . . . , Vn), where w is repeated 
m times, if V1+V2 — mw. Then {vi, . . . , v^^ is equivalent to (wi, . . . , w^) iffvi + . . .+Vn — 

Wi + .. . + Wm- 

Proof. We are going to show that every unordered n-tuple is equivalent to an n-tuple of 
the form {w, ... ,w). Let us associate to every n-tuple {vi, . . . , Vn) a nonnegative integer 
by the following rule: 



where d>Q{x) = x for x > and 6>q{x) = for x < 0. It is clear that D{vi, . . . , v„) — 
iff all ViS are the same. Thus, it is enough to show that every n-tuple as above with 
not all Vi^s equal is equivalent to some m-tuple {wi, . . . ,Wm) with D{wi, . . . ,Wm) < 
D{vi, . . . ,Vn). Without loss of generality we can assume that Vi 7^ V2. Since Vi 7^ —V2 
we have Vi + V2 = mw for some primitive vector w and some m > 0. Consider the 
corresponding n — 2 -|- m-tuple {w, ... ,w,V3, . . . , Vn) equivalent to {vi, . . . , Vn). We claim 
that 



^ Pi ^ P ^ P2 








D{w, ... ,W,V3,... ,Vn) < D{vi, ... ,Vn). 
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Indeed, since D{vi, V2) > it suffices to sfiow tliat for every i > 3 one lias 

m[5>o(det(vi, w)) + 5>o(det(w, v,))] < 

(5>o(det(vj, vi)) + (5>o(det(t'j, V2))(5>o(det(vi, t^j)) + (5>o(det(v2, Vi)). 

Assume for example tfiat det(i'i,'u;) > 0. Tlien dct(ui,t'i + V2) = mdct{vi,w) > 0, so 
switching Vi and V2 if necessary we can assume that det(f f 1) > 0. If det(f j, V2) > then 
(1.4.1) holds since it fact it becomes an equality. Finally, if det{vi,V2) < then we have 

mdet{vi,w) = det{vi,vi) + det{vi,V2) < det{vi,vi) 

which implies (1.4.1). □ 

Definition. Let us say that two vector bundles on T are deformation equivalent if they 
belong to the same class with respect to the minimal equivalence relation on isomorphism 

classes of vector bundles containing the following relations: 

(i) if Vi and V2 are stable and rkVi = rk V2 then Vi ~ V2; 

(ii) ifO— >t/ V ^ W ^ is an exact triple of vector bundles then V U (B W; 
(ill) if Vi ~ V2 then [/ ~ [/ for any vector bundle U. 

It is clear that deformation equivalent vector bundles have the same rank. The following 
theorem states that the converse is also true. 

Theorem 1.4.2. Let V\ and V2 be vector bundles on T such that rkVi = rkV2. Then 
Vi ~ V2. 

Proof. The idea is to mimick the proof of Lemma 1.4.1. It suffices to show that every 
vector bundle is deformation equivalent to a bundle of the form l^i © . . . © where Wj's 
are stable and rkl^i = . . . = rk W^. Using Harder- Narasimhan filtration and property 
(ii) of our equivalence we can assume that our vector bundle is a direct sum Vi © . . . © V„, 
where l^'s are stable. Assume that not all of them have the same rank, say, rk Vi 7^ rk V2. 
Then we can reorder Vi and V2 in such a way that Hom(V\, V2) — and Ext^(yi, V2) 7^ 0. 
According to Lemma 1.3.2 for a generic extension 

0^V2^W^Vi^0 

the bundle W is semistable. Using property (ii) we see that 1^ ~ l^i © . . . © Wm, where 
WiS are stable and have the same rank (rkV^i + rky2)/m. Thus, we have an equivalence 

e . . . © K ~ w^i ® ■ ■ ■ ® ® "^3 ® ■ ■ ■ ® K- 

As we have seen in the proof of Lemma 1.4.1 repeating this procedure we will eventually 
arrive at the direct sum of stable bundles of the same rank. □ 

2. QUASICOHERENT SHEAVES ON T 

2.1. Ind-objects. Let us present some facts about ind-objects following sec. 8 of [6]. 
Below by an inductive limit we always mean a small filtering inductive limit. By a union 
of subobjects of an object in an abelian category we always mean a small filtering union. 

Recall that with every category A one can associate the category Ind(^) of ind-objects 
of A such that in Ind(^) all inductive hmits exist (see [6], sec. 8.2 and Prop. 8.5.1). The 
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category A can be identified with a full subcategory of Ind(^). Furthermore, if A is 
abelian then so is Ind(^) ([6], 8.9.9(c)) and the natural embedding functor A — > Ind(.4.) 
is exact ([6], Prop. 8.9.5(a)). Also, Proposition 8.5.1 of [6] implies that if (Cj) is an 
inductive system in Ind(^) then for ^4 e ^ one has 

limHom(A,Ci) ~ Hom(y4, limQ) (2.1.1) 

Assume that we are given a functor f : A ^ C, where C is a category in which all 
inductive limits exist. Then by [6], 8.7.2, this functor extends to a functor / : Ind(.4) — > C 
commuting with inductive limits. We will need the following result. 

Proposition 2.1.1. (a) The functor f is fully faithful iff for every inductive system {Ai) 
in A the natural map 

lnnHom^(A, Ai) ^ Homc(/(A), lim/(Ai)) 

is bijective. 

(b) Assume that A is abelian and the functor f is exact. Then the functor f is also exact. 

Proof (a) This is Prop. 8.7.5(a) of [6]. 

(b) Since the embedding of A into Ind(^) (resp., of C into Ind(C)) is exact, it is enough 
to check the exactness of Ind(/) : Ind(^) — > Ind(C). It remains to apply Cor. 8.9.8 of 
[6]. □ 

Now let us consider the situation when we have an abelian category C in which all small 
direct sums (and hence, all small filtering inductive limits) exist. Let ^ C C be a full 
abelian subcategory such that equivalent conditions of Proposition 2.1.1(a) are satisfied. 
Then we can identify Ind(^) with a full subcategory of C. In this situation we can give a 
convenient characterization of objects of C that belong to Ind(^) (see Propositions 2.1.4 
and 2.1.3 below). 

Lemma 2.1.2. Let A be an object of A, and let S C A be a subobject in C. Then A/S E A 
(equivalently, S & A) iff S — Ui^jSi, where {Si)i^i is a filtering set of subobjects of A in 
A. 

Proof. First of all, we observe that since A G C is stable under kernels and cokernels, we 
have A/S E A iS S E A. If S* is a union of subobjects (Si) of A, where Si E A then 
S E A. (because such a union can be taken in the category A and the embedding A ^ C 
is exact and commutes with inductive limits). Conversely, assume that S E A. Then 
S — hmAj for some inductive system (Ai) in A. Let Si = im(74j S) — im(Aj A). 

Then Si E A since A is an abelian subcategory. Also, S = Ui^iSi (this union can be 
taken either in ^ or in C). □ 

Definition. Let us say that an object C e C is ^-generated if there exists a surjection 
A ^ C inC with A E A. 

Proposition 2.1.3. In the above situation for an A- generated object C E C the following 
conditions are equivalent: 
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(a) C e A; 

(b) C ^ yl/S", where A E A and S is a union of subobjects (Ai) of A with Ai G A; 

(c) For every morphism f : A ^ C where A E A, the kernel ker(/) d A is a union of 
subobjects {Ai) of A with Ai G A. 

Proof. The implication (c) =^ (b) is clear, while (b) =^ (a) follows from Lemma 2.1.2. 
To show that (a) =^ (c) we note that if C G ^ then ker(/) G A. It remains to apply 
Lemma 2.1.2 again. □ 

Proposition 2.1.4. For an object C & C the following conditions are equivalent: 
(a) CeA; 

(h) C is a union C = UjCj, where Ci E A and Ci is A-generated for all i; 
(c) C is a union of a filtering set of A-generated subobjects, and every A-generated sub- 
object of C belongs to A; 

(c') C is a union of a filtering set of A-generated subobjects and for every morphism 
f : A ^ C , where A E A, the kernel ker(/) <Z A is a union of subobjects {A^) of A with 
Ai G A. 

Proof. The equivalence of (c) and (c') follows from Proposition 2.1.3. The implications 

(c) =^ (b) and (b) =^ (a) are clear. To prove (a) =^ (c) we note that if A — >• C 
is a morphism, where A E A and C E A, then its image also belongs to A (since the 
subcategory ^ C C is abelian). Hence, every ^-generated subobject of C belongs to A. 
Also, if C = limAj, where {Ai)i^i is an inductive system in A., then C = Ui^iCi, where 

Ci is the image of the morphism Ai — > C, so that each is ^-generated. □ 

Example. It is well known (and follows easily from Proposition 2.1.4) that the category 
of ind-coherent sheaves (ind-objects in Coh.(X)) on a Noetherian scheme X is equivalent 
to the category Qcoh(X) of quasicoherent sheaves on X. Note that in this case the only 
Coh(X)-generated objects in Qcoh(X) are coherent sheaves. 

2.2. Holomorphic modules and holomorphic bundles on T. To realize concretely 
ind-objects of the category of holomorphic vector bundles on a noncommutative complex 
torus T — Tg^T- we introduce an auxiliary category HM{T) of holomorphic modules. 

Definition. An object of HM{T) is a right /l^-module M equipped with a holomorphic 
structure, i.e., with a map V : M — > M satisfying the Leibnitz rule (1.1.1). The mor- 
phisms in HM{T) are morphisms of 74g-modules compatible with holomorphic structures. 

It is easy to see that HM{T) is an abelian category. By definition, a holomorphic 

vector bundle on T is a holomorphic module (M, V) such that M is a finitely generated 
projective (right) Ag-modulc. Thus, Vcct(T) is a full subcategory in HM{T). Also, it is 
easy to see that the natural embedding functor Vect(T) — > HM(T) is exact. 
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Lemma 2.2.1. Let {M, V) be a holomorphic module. For every surjection of Ag-modules 
(f) : A®" M there exists a holomorphic structure V</, on Af^ with respect to which (f) is 
holomorphic. 

Proof. Let fi — (j){ei) e M, where ei, . . . , e„ is the standard basis of Af'". Then we have 

n 
i=l 

for some ^451- valued n x n matrix M = {aij). Let us set for (xi) e Af^ 

n 

V0(a;i) = {d{xi) + '^aijXj). 

i=i 

One can immediately check that the morphism (p becomes holomorphic with respect to 
V<^ and V. □ 

Let us define the category Coh(T) of coherent sheaves on T as the full subcategory in 
HM{T) consisting of holomorphic modules (M, V) such that the ^^t-module M is finitely 
presented. 

Theorem 2.2.2. One has Coli(r) = Vcct(T), i.e., every coherent sheaf on T is a holo- 
morphic vector bundle. 

Proof Let (M, V) be a coherent sheaf. Consider a finite presentation 

M = coker(/:^®'"^A®'^). 

Applying Lemma 2.2.1 to the natural projection Af"" M we find a holomorphic struc- 
ture V2 on Af^ with respect to which this projection is holomorphic. Now the submodule 
im(/) C Af"^ is preserved by V2, so we can view (im(/), V2) as a holomorphic module. 
Applying Lemma 2.2.1 to the surjection / : Af""^ — im(/) we find a holomorphic structure 
Vi on Af"^ such that / is holomorphic with respect to Vi and V2. Hence, / becomes a 
morphism in the category Vect(T'). Since Vect(T') is abelian, it follows that M — coker(/) 
is an object of Vect(T). □ 



Corollary 2.2.3. Let P be a holomorphic bundle and let S C P be a finitely generated 
holomorphic submodule. Then S is a direct summand of P as an Ag-module. Hence, it is 
a holomorphic subbundle of P. 

Proof. The holomorphic module P/ S is finitely presented, hence, it is a vector bundle by 
the above theorem. □ 

We equip the trivial module Ag with the standard holomorphic structure Sr Thus, a 
holomorphic ideal in Ag is a right ideal I (Z Ag such that Sr{I) C /. 

Corollary 2.2.4. Let I G Ag be a finitely generated holomorphic ideal. Then there exists 
an idempotent e & Ag such that I — eAg. 
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Remarks. 1. Let us say that an idempotent e E Ag is (right) holomorphic if 

eSr{e) = Sr{e), 

or equivalently, ^^-(e) e eAg. The above theorem shows that a map e i— > e/lg gives a sur- 
jection from the set of holomorphic idempotents to that of finitely generated holomorphic 
ideals. It is easy to see that the fiber of this map over eAg coincides with e + eAg{l — e). 
2. Proposition 2.9.2 below implies that countable filtering unions of finitely generated 
holomorphic ideals are still projective Ag-modules. However, we will see that such ideals 
are not necessarily direct summands in Ag (see Theorem 2.7.3). 

2.3. Qucisicoherent sheaves as holomorphic modules. We define the category of 

quasicoherent sheaves on T by setting Qcoh(T) = lnd(Vect(T)). Thus, by definition, 
quasicoherent sheaves on T are ind-objects in the category Vcct(T). They form an abelian 
category containing Vect(T) as a full subcategory. We are going to give a more concrete 
realization of Qcoh(T) using holomorphic modules. 

It is easy to sec that in HM(T) all small filtering inductive limits exist. More precisely, 
the natural embedding of HM{T) into the category of Ag-modules is exact and com- 
mutes with small inductive limits. Therefore, the natural fully faithful exact embedding 
Vect(T) ^ HM{T) extends to an exact functor Qcoh(T) HM{T) (see Proposition 
2.1.1(b)). 

Proposition 2.3.1. The above functor Qcoh(T) — » HM{T) is fully faithful. 

Proof. According to Proposition 2.1.1(a) we have to check that for every small filtering 
inductive system {Piji^i in Vect(T) and every P e Vect(T) the canonical map 

limHomvect(r)(^, Pi) ^ Hom^/M(T)(^, limPj) (2.3.1) 

is an isomorphism. It is easy to see that if we replace morphisms in HM{T) by morphisms 
of Ae-modules then the similar map is an isomorphism because P is a finitely generated 
projective A^-module. This immediately implies injectivity of (2.3.1). To check surjec- 
tivity let us assume that / : P — > hmPj is any morphism in HM{T). Then we can lift / 

to a morphism of A^-modules f^^-.P^ Pjg. Let ei, . . . , e„ be generators of P. Then we 
have 

j 

for some Gij G Ag. Hence, 

V(/(eO) = E/(^^>^^-- 
j 

It follows that for some ii > io we will have 

V(/n(ei)) = ^fH{ej)aij, 
j 

where fi^:P^ Pi^ is the morphism of A^-modules induced by /jg. But this means that 
/ij is compatible with holomorphic structures, so it is a morphism in HM{T). □ 
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Definition. Let us call a holomorphic module admissible if it can be represented as an 
inductive limit of holomorphic bundles. 

Corollary 2.3.2. The category Qcoh(T) is equivalent to the full subcategory of admissible 
modules in HM{T). 

Let us say that a holomorphic module M is finitely generated if it is finitely generated 
as an A^i-module. The following lemma shows that this is equivalent to M being Vect(T')- 
generated. 

Lemma 2.3.3. A holomorphic module M is finitely generated iff there exists a holomor- 
phic bundle P and a surjection P ^ M in HM{T). 

Proof The "if" part is clear. The "only if" part follows immediately from Lemma 
2.2.1. □ 

Applying Propositions 2.1.3 and 2.1.4 we get the following characterization of admissible 
holomorphic modules. 

Proposition 2.3.4. For a finitely generated holomorphic module M the following condi- 
tions are equivalent: 

(a) M is admissible; 

(b) M P / S , where P is a holomorphic vector bundle, and S is a union of holomorphic 
subbundles in P; 

(c) For every morphism f : P ^ M , where P is a holomorphic vector bundle, ker(/) C P 
is a union of holomorphic subbundles in P. 

Proposition 2.3.5. For a holomorphic module M the following conditions are equivalent: 

(a) M is admissible; 

(b) M is the union of its finitely generated admissible holomorphic submodules. 

(c) M is the union of its finitely generated holomorphic submodules and every such sub- 
module is admissible; 

(d ) M is the union of its finitely generated holomorphic submodules and for every mor- 
phism f : P ^ M, where P is a holomorphic vector bundle, ker(/) is a union of holo- 
morphic subbundles in P. 

CorollEiry 2.3.6. Let ^ M' ^ M ^ M" be an exact sequence of holomorphic 
modules such that M' and M" are admissible. Then M is also admissible. 

Proof First, let us show that every element x e M is contained in a finitely generated 
holomorphic submodule. Let A?^" C M" be a finitely generated holomorphic submod- 
ule containing the image of x in M". We can lift generators of A^" to some elements 
Ci, . . . , e„ G M. Then a; = ^ ajCj + y and Ve^ = ^ ttijCi + yj for some Oj, aij G A and 
y,yj G M' . Let A^' be a finitely generated holomorphic submodule in M' containing y 
and {yj). Then the A^-submodule generated by A^' and (cj) is holomorphic and contains 
X. Next, let / : P ^ M be any morphism, where P is a holomorphic vector bundle. We 
have to show that ker(/) is admissible. Let /" : P ^ M" and /' : ker(/") M' be 
the induced morphism. Then ker(/") is admissible and hence ker(/') is admissible. It 
remains to observe that ker(/) = ker(/'). □ 

14 



It is not clear whether there exists a simple characterization of all 740-modules under- 
lying quasicoherent sheaves. One obvious condition is flatness (since inductive limits of 
projective modules are flat). In section 2.9 we will introduce an abelian subcategory of 
countably presented quasicoherent sheaves and will show that projective dimension of 
74g-modules underlying such sheaves is < 1 (see Theorem 2.9.4). 

2.4. Derived categories equivalence. Recall that the category Vect(T) is equivalent 
to the abelian subcategory in the derived category D^{E) of coherent sheaves on the 
eUiptic curve E — £,/{'L-\- 'Lr). Moreover, we have an equivalence of derived categories 

L>''(Vect(T)) ~ L>^(£;) (2.4.1) 

(see Proposition 1.4 of [8]). In this section we establish a similar equivalence for the 
category of quasicoherent sheaves Qcoh(T'). 

Let us consider a more general situation. Let ^ be a Nocthcrian abelian category and 
let A — Ind(^). We view ^ as a full subcategory in ^ in a standard way. 

Lemma 2.4.1. (i) For every surjection A ^ B in A with B & A there exists a subobject 

A' G A such that A' ^ A and the induced map A' ^ B is surjective. 

(a) The subcategory A G A is closed under passing to quotients and subobjects, and under 

extensions. 

Proof, (i) Let A = limAj, where (Ai) is an inductive system in A. Let Bi G B he 

the image of the induced map Ai A. Then (Bi) is a filtering set of subobjects of B 
such that Uj-Bj = B. Hence, B^ = B for some i, so we can take as A' the image of the 
corresponding morphism A^ A. 

(ii) Lemma 2.1.2 easily implies that A is stable under quotients and subobjects in A. 
Assume that we have an exact sequence 

0^ A^ B ^ C ^0 

in A with A,C e A. By part (i) we can find a subobject B G B such that the induced 
map S — > C is surjective. Then B is isomorphic to a quotient oi A® B, so B e A. □ 

Lemma 2.4.2. Let {Xj) be an inductive system in A. Then for every A & A the natural 
map 

lim Ext\A, Xi) Ext\A, hmXi) 

is an isomorphism. 

Proof. First, let us check surjectivity. Assume that we have an extension 

^ lirnXi ^E^A^O 

in A. By Lemma 2.4. l(i) there exists a subobject E G E with E E A that still surjects 
onto A. Let S = EdlimXi G E. Then the above extension is the push-out of an extension 

0^ S ^ E ^ A^O (2.4.2) 
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by the inclusion map S — > limXj. But the latter map factors through a map S ^ Xi. 

Taking the push-out of (2.4.2) by this map we get an element of Ext^{A, Xi) inducing the 
original extension. 

To check injectivity let us consider an extension 

O^Xi^^E^A^O (2.4.3) 

such that its push-out by Xi^ — > \imXi becomes trivial. As above we can find an extension 

(2.4.2) such that (2.4.3) is its push-out by a map S — > Xi^. The fact that the push-out by 
/ : 5" — > Xig limXj becomes trivial means that there is a map s : E ^ limXj extending 

f : S ^ limXj. But s factors through some map E Xj. Furthermore, choosing Xj 

sufficiently far in the inductive system will guarantee that this map restricts to the map 
g : S ^ XjQ — > Xj. Hence, the push-out of (2.4.2) by g is trivial. Thus, the induced 
element of Ext^(74, Xj) is trivial. □ 

Let (T, J^) be a torsion pair in A. Recall (see [7] ) that this means that T and are 
full subcategories in A such that Hom(T', F) — ior T e T, F e J^, and every object 
X e A fits into an exact triangle 

O^T ^ X ^ F ^0 

with T e T, F e J^. With a torsion pair (T, T) one associates the tilted abefian subcat- 
egory At C D'^(A) by setting 

At^{K e D\A) I H-^K e jr, h'^k e T, H'K = O for i ^ -1, 0}. 

The pair of subcategories (^[1], T) is a torsion pair in At- A torsion pair (T, J^) is called 
cotilting (rcsp., tilting) if every object of ^ is a quotient of an object in J-' (resp., subobject 
of an object in T). A torsion pair (T,T) in A is cotilting iff the pair (J^[1],T) in At is 
tilting (see [7], Prop. 1.3.2). 
Set 

T = {X G A I there exists a surjection ®i Ti — > X, with Tj e T for all i}, 
and let c .4. be the right orthogonal of T in A. 

Lemma 2.4.3. (i) The subcategories T and T are closed under inductive limits and the 
natural functors Ind(T) T , Ind(jF) — > JF are equivalences. 

(a) (T, JF) is a torsion pair in A. We have T H A = T, T ^ A = T . Furthermore, if 
(T,J^) is cotilting then so is {T,J^). 

(Hi) Let At C D'^i^A) be the tilted abelian category associated with {T,J^). Then in At 
arbitrary (small) direct sums exist and for any set I the direct sum functor {Ai)i^i — > 
©jg/^i is exact. In other words, At satisfies the axiom AB4 (see [A], 1.5). 

Proof, (i) It is clear that T is closed under direct sums. Since we have a surjection 
®jXj — > \imXi for an inductive system (Xi), it follows that T is closed under inductive 

fimits. The same assertion for JF follows from (2.1.1). The natural functors Ind(T) A 
and Ind(.F') A are fully faithful by Proposition 2.1.1(a). It remains to show that every 
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object of T (resp., can be represented as the limit of an inductive system (Tj) with 
Ti E T (resp., (Fj) with Fi e T). If X E T then we have a surjection ©jT] —>■ X. Let 
be the image of the map Ti ^ X. Then X — hmiy and e T since T is closed 

under quotients. On the other hand, if X & T then X — lim Xi, where (Xj) is a filtering 

set of ^-generated subobjects in X (see Proposition 2.1.4). By Lemma 2.4.1(ii) we have 
Xi E A. Since X^ is a subobject of X e it belongs to the right orthogonal of T in A. 

Hence, Xj G JF. 

(ii) If X G T and Y E J-' then there exists a surjection ©jTj — > X, where Tj G T. Since 
Hom(Tj, Y) = this imphes that Hom(X, Y) — 0. If X G .4 is an arbitrary object then 
X = limXj for an inductive system (X,) in A. For every i we have an exact sequence 

O^Ai^Xi^B,^0 

with Ai E T, Bi E T . Moreover, these objects assemble into inductive systems (Aj) and 
(i?i), and the sequence 

\Yca.Ai limXj limSj 

in A is still exact (the exactness on the left follows from (2.1.1)). Since lim74i G T and 
limBi E J-, it follows that (T, is a torsion pair in A. 

It is clear that D A = and that T C T (1 A. On the other hand, T n ^ is left 
orthogonal to JF, hence it is contained in T. 

Finally, assume (T, J^) is cotilting. Then for every X E A there exists an inductive 
system (Ai) in A such that X = hm^j. Pick a surjection Fi Ai with F^ E T for every 

i. Then the composed map 

®Fi ^®Ai^X 

is a surjection and ®Fj G ^. 

(iii) Note that the category A = Ind(^) satisfies the axiom AB4. Indeed, the functor of 
direct sum is always right exact. The fact that in this case it is left exact follows easily 
from (2.1.1). Therefore, in the (unbounded) derived category D{A) arbitrary (small) 
direct sums exist and direct sums of triangles are triangles (see [1], Cor. 1.7). Also, by 
construction these direct sums commute with the cohomology functors. Using (i) we 
deduce that At C D{A) is stable under direct sums. Now let Xj ^ Yi, i E I, be a 
collection of injective morphisms in At- Then we have exact triangles of the form 

Xi ^Yi ^ Zi ^ Xi[l\ 
with Zi E At- Taking the direct sums over i we get an exact triangle 

ffij^j ^ ®iYi > ®j-Z'j ^ ©jXj[l]. 
Since ©jZj belongs to At, this implies that ©jXj ©jFj is injective. □ 

Theorem 2.4.4. Let A he a Noetherian abelian category of homological dimension < 1, 

(T, !F) a cotilting torsion pair in A. Set A — Ind(^) and define the torsion pair (T, T) 
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in A as above. Let At (resp., At) he the tilted abelian category associated with {T,T) 
(resp., {T,T)). Then there is an equivalence of categories 

At ^ Ind(A) 

and an exact equivalence of triangulated categories 

D\A) ~ D^lndiAt)). 

Proof. We have the natural exact functor At ^ At. Since At is closed under direct sums, 
it extends to a functor $ : Ind(^t) — > At- To check that this functor is fully faithful we 
have to check that for X & At and an inductive system (Y^) in At the natural map 

lim Hom^, (X, Yi) Hom {X, MmYi) (2.4.4) 

is an isomorphism (see Proposition 2.1.1). Note that the category At (resp., At) is 
equipped with a torsion pair (^[1],T) (resp., {J-'[1],T)). Thus, for every X E At we 
have an exact sequence 

0^ X ^ B ^0 (2.4.5) 

in At with A e and B eT. 

Step 1. The map (2.4.4) is an isomorphism if all Yi belong to JF[1] . For the proof consider 
the morphism of the long exact sequences associated with (2.4.5): 

^hm Hom^, (B, Yi)^\im Hom^, (X, Yi}^\im Hom^, {A, yj)^lim Ex.t\^ (B, Yi) 



a 
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Hom {B, limYi) Hom {X, limYi) Homj^ {A, limFj) Ext {B, hmF^) 

By the five-lemma it is enough to check that a and (3 are isomorphisms and that 7 
is injective. The fact that (3 is an isomorphism is the consequence of the equivalence 
^ ~ Ind(jF) (see Lemma 2.4.3(i)). The fact that a is an isomorphism follows from 
Lemma 2.4.2 along with the fact that Ext^(i?, Yi) ~ Ext^(S, Yi) since A is closed under 

extensions in A (by Lemma 2.4.1(ii)). Finally, 

ExtX(5,i"i)-Extl,,(^)(S,r,), 

so the vanishing of Ext^ in A implies the vanishing of all these groups. 

Step 2. // {Yi) is an inductive system in ^[1] and X & At then the natural map 

hm Hom^^ (X, Yi) Hom^^ (X, limy^) 

is injective. The proof is similar to Step 1 but easier: it is enough to consider only the 
first three terms in the long exact sequences associated with (2.4.5) and to use Lemma 
2.4.2. 

Step 3. The map (2.4.4) is injective. Indeed, our assumption that {T,J^) is a cotilting 
torsion pair in A implies that (JF[1],T) is a tilting torsion pair in At, i.e., every object 
of At can be embedded into an object of ^[1]. Let us choose for every i an embedding 
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Yi C Y- with Y- e ^[1]- We want to replace these embeddings by a new collection of 

embcddings Kj C Kj in At, where Yi G such that (Kj) form an inductive system and 

the above embeddings give a morphism of inductive systems. This is achieved by defining 
Yi from the following pushout diagram 

®j<iYj ^ Yi 



®j<iAj *■ Yi 

Since the horizontal arrows in this diagram are surjective, we have Yi e ^[1] (because 
is the left orthogonal to T in At)- On the other hand, by Lemma 2.4.3(iii) the left 

vertical arrow is injective, hence the right vertical arrow Yi Yi is also injective. It is 
easy to see that these maps form a morphism of inductive systems. We can include the 
map (2.4.4) into a commutative square 

lim Hom^, {X, Y^) Romj^ {X, ImiYi) 



lim Hom^^ {X, Yi) Romj^ {X, limF,) 

Now the required injectivity follows immediately from the injectivity of the left vertical 
arrow and from Step 2. 

Step 4. The map (2.4.4) is an isomorphism. For the proof let us consider for every i the 
exact sequence 

0^ Ai^Y,^ Bi^O 

with Ai e J-'[l] and Bi e T. The objects {Ai) (resp., (-Bi)) form an inductive system and 
we claim that the limit sequence 

limAi lirnYi lirnBi (2.4.6) 

in At is exact. Indeed, the only problem is the injectivity of /. By Step 1 we obtain that 
for every X & At one has 

lim Hom^j {X, Ai) ~ Hom^^ {X, limAj) . 

Together with Step 3 this implies that the morphism 

Hom^^(X, hm^,) Hom^^ {X, limYi) 

induced by / is injective. Therefore, Hom^^(X, ker(/)) = for every X e At- Consider 
the exact sequence 

^ C ^ ker(/) ^D^O 
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in At with C e J^[l] and D e T. Since ^ ~ Ind(^) by Lemma 2.4.3(i), it follows that 
C = 0, i.e., ker(/) e T. Similarly, using the fact that T ~ Ind(T) we conclude that 
ker(/) = 0. Next, let us consider the morphism of the long exact sequences 

^lim Hom^j {X, Ai)^\im Hom^, {X, Yi)^\im Hom^^ {X, Sj)^hm Ext^^ {X, Ai) 

S 

Hom_^^ (X, liuiAi) Horn (X, limYi) Hom (X, limSj ) ^ Ext {X, hm^) 

By the five-lemma and Steps 1 and 3 it remains to check that 5 is an isomorphism. 
Consider the exact sequence (2.4.5) again. Then we have 

limHom_4j(X, Sj) ~ limHom-r(-B, -Bj) — Hom^(S, limSj) ~ Hom^^(X, limSj), 
where we used again the fact that T ~ Ind(T). 

Step 5. The functor $ : lnd(^() At is essentially surjective on objects. Indeed, since 
the torsion pair (T, J^) is cotilting the same is true about the torsion pair (T, JF) in A (see 
Lemma 2.4.3(ii)). Therefore, the torsion pair (^[1],T) in At is tilting. So for any object 
X e At we can find an embedding X C A with A e ^[1]. Since is closed under 
quotients we obtain that X is the kernel of a morphism f : A ^ A' with A, A' e J^[l] . 
Note that JF[1] is contained in the essential image of $ (since JF ~ Ind(^) by Lemma 
2.4.3(i)). Since by Step 4 the functor $ is fully faithful, wc derive that the morphism / 
is contained in the image of $. Finally, exactness of $ (see Proposition 2.1.1(b)) implies 
that X ~ ker(/) is also contained in the image of 

The statement about the equivalence of derived categories is an immediate consequence 
of Proposition 5.4.3 of [2]. □ 

The category Vect(T') is equivalent to the tilted abehan category associated with the 
cotilting torsion pair (Cohyg[E) , Coh.^g[E)) in the category Coh{E) of the coherent 
sheaves on the elliptic curve E, where Coh<5i(i?) consists of direct sums of semistable bun- 
dles of slopes < 9 and Coh.^g{E) consists of direct sums of torsion sheaves and semistable 
bundles of slopes > 6 (see [9] or [8], sec. 1.2). Let Qcoh(E) ~ lnd(Coh(E)) be the cat- 
egory of quasicoherent sheaves on E. It is easy to see that the assumptions of Theorem 
2.4.4 are satisfied, so we derive the following result. 

Theorem 2.4.5. The category Qcoh(T') is equivalent to the tilted abelian category as- 
sociated with the torsion pair (Qcoh^0(i?), Qcoh<g(i?)) in Qcoh{E), where Qcoh<g(i?) 
consists of torsion free quasicoherent sheaves F , such that any semistable subsheaf of F 
has slope < 9, and Qcoh^g{E) consists of quotients of arbitrary (small) direct sums of 
torsion sheaves and semistable bundles of slopes > 9. There is also an exact equivalence 
of derived categories 

D\Qcoh(T)) ~ D\Qcoh(E)) 

extending (2.4.1). 
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2.5. The rank function. The main result of this section is the following 

Theorem 2.5.1. There exists a unique extension of the function rk on holomorphic bun- 
dles over T to a function on quasicoherent sheaves taking values in ]R>o U {+00} and 
satisfying the following two properties: 
(i) ik is additive in exact triples; 

(a) If a quasicoherent sheaf is represented as a filtering union of quasicoherent suhsheaves, 
M = Ue/Mj, then 

rkM = limrkMj. 

Actually, the construction works in the following general framework (we keep the no- 
tations and conventions of section 2.1). Let A be an abehan category and let Ind^ be 
the corresponding category of ind-objects of A. Let rk : Kq[A) — > IR be a homomorphism 
such that rk{A) > for any nonzero object A^ A. 

Theorem 2.5.2. There exists a unique extension of the function rk from objects of A to 
objects of\ndA taking values in ]R>o U {+00} and satisfying the following two properties: 
(i) rk is additive in exact triples; 

(a) If an ind-object X is represented as a union of subobjects, X = Ujg/Xi, then 

rkX = limrkXj. 

Note that Theorem 2.5.1 is an immediate consequence of this theorem. 

First, wc arc going to define the rank of ^-generated ind-objccts (see section 2.1). By 
Proposition 2.1.3 such an ind-object can be presented in the form P/S, where P & A, 
and 5" is a union of subobjects of P in A. Therefore, it is natural to make the following 
definition. 

Definition. Let S e Ind A be an ind-subobject of P e ,4. Then we set 

rkp{S) = sup{rk5' \ S' C S,S' eA}, 

i.e., we define the rank of 5* in P as the supremum of the ranks of all subobjects of P in 
A contained in S. 

Note that if S is itself in A then ikp^S) = rkS. It is clear from the definition that 
rkp{S) < rk(P) for every S C P and that rkp is monotone with respect to inclusions. 
This function also satisfies the following continuity condition. 

Lemma 2.5.3. Let {Si)i^r be a filtering collection of ind- subobjects of P & A. Then for 
S — Ui^iSi we have 

Tkp{S)^limTkp{Si). 

Proof. It is clear that rkp(5') > sup{rkp(S'j) | i G /}. On the other hand, if 5" C -S" is 
a subobject such that S' e A, then there exists i e / such that S' C Si (by Proposition 
2.1.1(a)). This implies that rkp(5') < sup{rkp(5'j) \ i e I}. Hence, 

j:kp(S) = sup{rkp(,Si) \ i e I}. 

Since the function rkp is monotone, we can replace sup with lim. □ 
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The above lemma also implies that in the definition of rkp(S') it suffices to take the 
supremum over any collection of subobjects of P in ^ whose union is S. 



Proposition 2.5.4. Let X — P/S be an A-generated ind-object, where P E A. Then the 
nonnegative real number 

rkX := rkP-rkp{S) 
does not depend on a presentation of X in the form P/S. 

Proof. If P — > X and P' — > X are surjections (where P, P' e A) then they are dominated 

by the surjection P(BP' X. Hence, it suffices to compare presentations P/S and P' / S' 
of X in the case P' C P. In this situation S' = S r\ P' and P = S + P'. By assumption 
we have S = Ui^jSi, where (Si) is a filtering collection of subobjects of S contained in A. 
Then S' = Ui^iSi n P', so 

rkp(5') = sup{rk5'i \ i e I}, 

rkp,{S') = sup{rk5i n P' I i G /}. 

Now we observe that since P E A, there exists io E I such that P = Si^ + P' . It 
follows that for all Si D Si^ we have ^kSi n P' = rk-S^ + rkP' - rkP. Hence, rkp,{S') = 
rkp(,S)+rkP'-rkP. □ 

At this point we will only check the following expected property of the rank function 
on ^-generated ind-objects. 

Lemma 2.5.5. Let X' <Z X be an embedding of A-generated ind-objects. Then rkX' < 
rkX. 

Proof We can find surjections P ^ X and P' X' such that P,P' e A and P' C P. Let 
S and S' be kernels of these maps, so that X = P/S, X' = P' / S' . Then S' ^Sn P'. Let 

{Si)iei be a filtering collection of subobjects of S contained in A, such that S — Ui^iSi. 
As in the proof of Proposition 2.5.4 we see that 

rkp,{S') = sup{rk5i n P' I i e /}. 
Since for every i e I we have an embedding Si/ Si HP' C P/P', it follows that 

rkSi -YkSiHP' <rkP - rkP'. 
Passing to the limit in i e / we derive that 

rkp{S) - rkp/(5') < rkP - rkP' 

which is equivalent to the desired inequality. □ 

Since every ind-object X is the union of a filtering collection of its finitely generated 
ind-subobjects, we can now define the rank of an arbitrary ind-object X by setting 

rkX = sup{rkX-^ \ X^ d X, X^ is ^generated}. 

By Lemma 2.5.5, if X is itself ^-generated then this definition agrees with the old one. 
We also have the following analogue of Lemma 2.5.3. 
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Lemma 2.5.6. Let (Xi) be a filtering collection of subobjects in X E Ind^ such that 
X = UieiXi. Then 

rkX — limrkXj. 

Proof. The proof follows the proof of Lemma 2.5.3 step by step (recall that by Lemma 
2.5.5 the rank function on ^-generated ind-objects is monotone). □ 

We need one more lemma for the proof of Theorem 2.5.2. 

Lemma 2.5.7. Let 0— >S— >C— >0&ean exact triple of ind-objects such that B 
is A-generated. Then rk B — rk A + rkC . 

Proof Let B = P/S, C = P/T, where P is an object of ^ and ,5 C T C P are its 
ind-subobjects. We have ikB = rkP - rkp{S), rkC = rkP - rkp(T). Let {Ti)i^i be 
a filtering collection of subobjects in T contained in A, such that T = Ujg/Tj. Then 
A = T/ S = Uje/Tj/Tj n S, so by Lemma 2.5.6 we obtain 

rkA = limrkTi/TinS. 

By definition, we have 

rkr,/r, nS^rkTi- rkr,(r, n ^) = rkT, - rkp(r, n S). (2.5.1) 
Since -S" = Uig/Tj fl S, by Lemma 2.5.3 we get 

limrkpiTinS) ^Tkp{S). 

Therefore, passing to the limit in (2.5.1) we obtain 

TkA^rkp{T) -ikp{S). 

□ 

Proof of Theorem 2.5.2. It is easy to see that any extension of rk satisfying (i) and 
(ii) should coincide with the rank function constructed above. Note also that our rank 
function satisfies (ii) by Lemma 2.5.6. It remains to check its additivity in exact triples. 
Let O^A^B^C^Ohcan exact triple in Ind^. Wc have B = Ujg/Sj, where 
-Bj's are w4-generated subobjects. Let Cj be the image of Bi under the map to C and let 
Ai = An Bi. Then C = Ui^iCi and A = Ujg/Aj. By Lemma 2.5.7 for each i we have 

vkBi = rk Ai + ikd. 

Passing to the limit and using Lemma 2.5.6 we derive that rkB = rkA + rkC. □ 

2.6. Quasi vector bundles. Recall that these are quasicoherent sheaves that are filtering 
unions of holomorphic bundles. 

Lemma 2.6.1. Every finitely generated holomorphic submodule of a quasi vector bundle 
is a vector bundle. 

Proof. Indeed, let M = UjMj, where Mj are vector bundles. Then every finitely generated 
submodule of M is contained in some Mj, hence itself is a vector bundle by Corollary 
2.2.3. □ 
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Lemma 2.6.2. Let M be a quasi vector bundle, N d M a quasicoherent subsheaf. Then 
N is a quasi vector bundle. 

Proof. Since N is a, union of its finitely generated holomorphic submodules, this follows 
immediately from the previous lemma. □ 

Proposition 2.6.3. Every quasicoherent sheaf onT can be represented in the form Pi/ Pq, 

where Pq C Pi are quasi vector bundles. 

Proof. Recall that by Lemma 2.6.2 a quasicoherent subsheaf of a quasi vector bundle is 
itself a quasi vector bundle. Therefore, it is enough to prove that for every quasicoherent 
sheaf M there exists a quasi vector bundle P and a surjection P ^ M. By Proposition 
2.3.5 we have M = Ui^jMi with Mj = Pi/Qi, where Pi are vector bundles. Set P = (Bi^iPi 
and define the morphism P ^ M using the natural morphisms Pj Mj C M. It is clear 
that this morphism is surjective and that P is a quasi vector bundle. □ 

For later use we record here one more simple observation. 

Lemma 2.6.4. Let V (Z M be an embedding of a vector bundle into a quasi vector bundle. 
Then M/V is a quasi vector bundle. 

Proof Note that if M' C M is a vector subbundle then y + M' C M is still a vector 
bundle, e.g., by Lemma 2.6. L It follows that M can be represented as a union of vector 
bundles M ^ UjMj, where V d Mi for all i. Hence, M/V = \JiMi/V. □ 



2.7. Torsion and torsion free sheaves. The following two classes of quasicoherent 
sheaves will be also important for us. 

Definition. Let M be a quasicoherent sheaf on T. We say that M is a torsion sheaf if 
rkM = 0. We say that M is a torsion-free sheaf ii for every nonzero submodule M' C M 
one has rkM' > 0. 

Proposition 2.7.1. (i) Let M be a torsion sheaf and N be a torsion-free sheaf. Then 
Hom(M, AT) = 0. 

(ii) For every quasicoherent sheaf M there exists maximal torsion subsheaf Mtors C M. 
The quotient M/ Mtors is torsion free. 

Proof (i) If / : M ^ is a morphism then im(/) has rank 0. But it is a subsheaf of A^, 
hence, im(/) = 0. 

(ii) If A^i and N2 are torsion subsheaves in M. Then there exists a surjection Ni® N2 ^ 
N1 + N2 C M. Hence, rk(iVi + N2) = 0, so Ni + N2 is also a torsion sheaf. It follows that 
the union of all torsion subsheaves in M is itself a subsheaf Mtors C M. Furthermore, by 
Lemma 2.5.6 we have rk M^rs = 0. If A'" C M/Mfors is torsion subsheaf then its preimage 
in M is also a torsion sheaf by additivity of the rank. Hence, N — 0. □ 

Proposition 2.7.2. Every quasi vector bundle is torsion free. 
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Proof. Let V he a quasi vector bundle. It suffices to prove that for every finitely gen- 
erated quasicoherent subsheaf W G V with rkW — one has W — 0. But this follows 
immediately from Lemma 2.6.1. □ 



Modifying slightly the proof of Theorem 1.3.1 we get the following result. 

Theorem 2.7.3. For every stable bundle P and every real number r such that < r < 
rkP there exists a countably generated quasicoherent subsheaf Q C P such that rkQ — r. 

Proof. Using Morita equivalences we reduce to the case rkP = 1. Then we can apply the 
construction of Theorem 1.3.1 to construct a family of subbundles Vo^a C P for a G Bg, 
where rk Vo,a = a and Vo,a C Vo,a' for a < a'. Let (a„) be an increasing sequence of 
numbers in Be such that lim„^oo o^n — Then we can take Q — U„ Vo,a„ ■ D 

Later we will see that in fact all quasicoherent subsheaves of P are countably generated 
(see Theorem 2.9.4(i)). 

CoroUciry 2.7.4. For every real number r > there exist a finitely generated torsion free 
quasicoherent sheaf M of rank r which is not a quasi vector bundle. 

Proof Let P be a stable bundle with rk P > r. In the case r e + Z we also require 

that x(rk Pr) < 0. Then by the above theorem there exists a quasicoherent subsheaf 
S G P with rkS = rkP — r. Now we define M to be the quotient of P/S by its torsion 
part {P/S) 

tars- Then M is a finitely generated torsion free sheaf of rank r. We claim that 
M is not a vector bundle. Indeed, if r ^ Z6' + Z then this is clear. Otherwise, using the 
fact that M is a quotient of a stable bundle P we get a contradiction with the condition 
x(rk P,r) < 0. Finally, Lemma 2.6.1 implies that M is not a quasi vector bundle. □ 

2.8. Harder-Narasimhan filtration for quasicoherent subsheaves of vector bun- 
dles. In this section we will show that every quasicoherent subsheaf of a vector bundle 
on T has a canonical exhaustive filtration similar to the Harder-Narasimhan filtration of 
vector bundles. 

Lemma 2.8.1. For N > consider the subset AIat C IR defined by 

Tin 

Mn = {—R I (m,n) e Z, m < 0,0 < m6l -Fn< N}. 

mO + n 

Then for every c > the set M.0 n [— c, 0] is finite. In particular, every nonempty subset 
of Aig has a maximal element. 

Proof. This follows immediately from the fact that there are at most N numbers of the 
form m9 -|- n in the interval (0, A'") with a given value of m and that for such a number 
we have |m|/A^ < |m|/(m^ -I- n). □ 

Lemma 2.8.2. Let P be a vector bundle and T G P a quasicoherent subsheaf. Then 
among subbundles Q G P such that Q G J- there exists a unique maximal element (by 
inclusion) of maximal slope. Moreover, such Q is semistable. 

Proof. It is easy to see that P can be embedded into a vector bundle of the form Pq®^, 
where Pq is a stable vector bundle, so we can replace P with P®^ . Furthermore, applying 
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Morita equivalence we can assume that rkPg = 1- In this case the slope of any subbundle 
of Pq®^ belongs to the subset Ai n considered in the above lemma. Hence, there exists a 
subbundle Q C of a maximal slope /imax- Note that such Q is automatically semisimple. 
Therefore, among all subbundles of maximal slope there exists a maximal element by 
inclusion. It remains to prove that it is unique. But \i Q' <Z J- is another subbundle with 
this property then the exact sequence 

o^g^g + g'^ q'/q n g' ^ o 

shows that the /i(g + Q') > fj,max- Indeed, it suffices to see that ii{Q'/Q fl Q') > /imax 
but this follows from the semistability of g'. □ 

Proposition 2.8.3. Let P be a vector bundle and T <Z P a quasicoherent subsheaf. Then 
there exists a sequence of subbundles — Fq (Z Fi G F2 (Z . . . (Z P such that T — U„Fn 
and Fn/ Fn-i is the maximal subbundle of maximal slope in !F / Fn-i C P/F„_i. 

Proof. The previous lemma allows to define the sequence of subbundles = Pq C Pi C 
P2 C . . . C P such that FnjFn-\ is the maximal subbundle of maximal slope in T jFn-x C 
P/Fn-i. It remains to show that JF = U„P„. If JF is a subbundle then (P„) coincides with 
its usual Harder- Narasimhan filtration (as an object in the derived category D''(E)), so in 
this case our claim holds. Thus, we can assume that is not coherent, so that Fn/Fn-\ ^ 
for all n > 0. Note that rk(P„/P„_i) ^ as n — > 00. Also, we have /x(Pi/Po) > 
//(P2/P1) > . . . . We claim that this implies that /i(Pn/P„-_i) —00 as n — > cxd. Indeed, 
if the sequence (/i(P„/P„_i)) were bounded then we would have deg(P„/P„_i) — > as 
n — > 00. But deg(P„/P„_i) can take value only once, so we get a contradiction that 
proves our claim. Now let g C P be an arbitrary subbundle such that Q (Z T. Wc have to 
prove that Q G Fn for n ^ 0. Since g is a direct sum of semistable subbundles, it suffices 
to consider the case when Q is semistable. Choose n such that ij,{Q) > /i(P„/P„_i). 
Assume that Q ^ P„-i. Then Q' = Q/{Q Ci Pn-i) is a subbundle of P/P„_i contained in 
T/Fn-i- Furthermore, since Q is semistable, we have jJi{Q') > n{Q) > ^{Fn/ Fn-i). But 
this contradicts to the assumption that Fn/Fn-i has maximal slope among all subbundles 
of P/Fn-i containing T / Fn-i- Therefore, Q is contained in Pn_i. □ 

2.9. Countably generated quasicoherent sheaves. We say that a quasicoherent sheaf 
M is countably generated if its underlying ^^-module has a countable set of generators. 

Equivalently, M = U„>iM„ for a chain Mi C M2 C ... C M of finitely generated 
quasicoherent subsheaves. Note that for such M there exists a surjection P M, where P 
is a countably generated quasi vector bundle (pick surjections Pj — > Mi and set P = ©P^). 
The importance of countabihty is due to the following general result. 

Lemma 2.9.1. Let P be an object of an abelian category A such that P — lim Pj for 

> i 

some inductive system {Pi) with a countable set of indices, such that all objects Pi are 
projective and every arrow Pi — > Pj is an embedding of a direct summand. Then P itself 
is projective. 

Proof. By assumption, for every arrow Pj — > Pj and every A & A the morphism 

Hom^(P„ A) ^ Hom^(Pi,A) 
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is surjective. Therefore, the functor 

A Hom^(P, A) = proj hmHom^(Pj, A) 

i 

is exact (since the Mittag-Leffler condition is satisfied, see [5], ch. 0, § 13), so P is projec- 
tive. □ 

Proposition 2.9.2. A countably generated quasi vector bundle is projective as an Ag- 
module. 

Proof. This follows immediately from Lemma 2.9.1 since every embedding of holomorphic 
vector bundles is an embedding of a direct summand on the level of 7451-modules. □ 

Lemma 2.9.3. Let M be a countably generated quasicoherent sheaf, N <Z M be a quasi- 
coherent subsheaf. Then N is countably generated. 

Proof. Consider a surjection P — > M, where P is a countably generated quasi vector 
bundle. It is enough to prove that every quasicoherent subsheaf N C P is countably 

generated. Furthermore, if P is a union of a sequence of vector bundles Pi G P2 C . . . 
then = Ui{Nr\Pi). Therefore, it suffices to consider the case when P is a vector bundle. 
Then the assertion follows from Proposition 2.8.3. □ 



Theorem 2.9.4. (i) The full subcategory Qcoh'^(T) C Qcoh(T) of countably generated 
sheaves is closed under passing to subobjects and quotients, and under extensions. In 
other words, Qcoh'^(T) is a Serre subcategory in Qcoh(r). 

(a) For any M G Qcoh'^(T) the projective dimension of the underlying Ag-module is at 
most 1. 

(Hi) A sheaf M e Qcoh'^(T') is a quasi vector bundle iff the underlying Ag-module is 
projective. 

Proof, (i) It is clear that Qcoh'^(T) is closed under passing to quotients. The assertion 
about subobjects is Lemma 2.9.3. The assertion about extensions is clear. 

(ii) This follows from Proposition 2.9.2. 

(iii) The "only if part is Proposition 2.9.2. Conversely, assume that M e Qcoh'^(T) is 
projective as an A^-module. Let M' C M be a finitely generated quasicoherent subsheaf. 
Then M/M' is an object of Qcoh'^(T). Hence, by part (ii) M' is still projective as an 
Ag-module. Therefore, M' is a holomorphic vector bundle. Since M is a union of finitely 
generated subsheaves, it is a quasi vector bundle. □ 

CoroUciry 2.9.5. Any quasicoherent ideal I <Z Aq is countably generated. 

3. Sheaves at the general point of a noncommutative torus 

3.1. Quasi vector bundles at the general point. Let Tors C Qcoh(T) be the full 
subcategory consisting of torsion sheaves M (i.e., sheaves with rkM = 0). This is a Serre 
subcategory of Qcoh(T'), so we can consider the quotient-category 

Qcoh(?7r) = Qcoh(r)/Tors 
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which is a noncommutative analogue of the category of quasicoherent sheaves on a general 
point of an elliptic curve. Note that Qcoh(?7T) is a C-linear abelian category and there is 
a canonical exact functor Qcoh(T) — > Qcoh(7;T)- 

Proposition 3.1.1. Let Pi and P2 be quasicoherent sheaves on T. Assume that P2 is 
torsion free. Then the natural morphism 

HomQeoh(r)(-Pi,-P2) HomQcoh(„T)(-Pi>-f2) 

is injective. 

Proof. By definition, a morphism from Pi to P2 in Qcoh(?7T) = Qcoh(T)/ Tors is given by 
a morphism P{ — > P2/F, where P^ C P and F C P2 are quasicoherent subsheaves such 
that rkPi/P[ — rkF — Q. But P2 is torsion free, hence F — Q. Thus, 

HomQcoh(»,T)(-Pi, P2) = lim HomQcoh(r)(-Pi'> -^2)- 

— ►P{CPi:rkPi/P{=0 

It remains to check that if a morphism f '■ Pi ^ P2 vanishes on a subshcaf C Pi such 
that rkPi/P{ = then / = 0. But such / factors through a morphism Pi/P[ P2- 
Since rkPi/P{ = and P2 is torsion free, such a morphism has to be zero. □ 

Corollary 3.1.2. The functor Yect{T) — > Qcoh(r7T) is faithful. 

Lemma 3.1.3. Let f : M ^ M' be a surjection in Qcoh(T). Then there exist inductive 
systems (Mj) and {M[) in Vect(T) such that limMj ~ M, limM^' ~ M' , and a morphism 

of inductive systems {Mi) — > (M/) inducing f , such that every morphism Mj — > M[ is a 
surjection. 

Proof. By Proposition 2.6.3 we can find a quasi vector bundle P and a surjection P ^ M. 
Thus, we can assume that / is a natural morphism P/S ^ P/S', where S C S' G P 
are subsheaves. Let S = Ujg/S'j (resp., S' = Uj^jSj), where Si C P (rcsp., S'j C P) are 
holomorphic vector bundles. We can assume that the sets of indices / and J arc the same 
(e.g., replacing both by / x J). Furthermore, replacing S'^ with S'^ + Si (which is still a 
subbundle by Lemma 2.6.1) we can assume that Si C S'^. Then (P/Si) — > (P/Sl) is the 
required morphism of inductive systems. □ 

Lemma 3.1.4. Assume that we have a commutative diagram in Qcoh(r) of the form 

f 

M -M' 
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where S is a vector bundle, P is a quasi vector bundle of finite rank, f is a surjection, 
i is an embedding. Then for every e > there exists a vector bundle Q <Z P such that 
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S C Q, rkQ > rkP — e and there exists a morphism Q ^ M making the following 
diagram commutative: 

f 

M M' 




S 

Proof. We split the proof in two steps. 

Step 1. Assume that M and M' are vector bundles. Also, without loss of generality we 
can assume also that P is a vector bundle. Indeed, otherwise we can replace e with e/2 
and P with some bundle P' C P such that S G P' and rkP' > rkP — e/2. Furthermore, 
replacing M with the fibered product of M and P over M' we can assume that P = M'. 
Let N — ker(/). Then we have an exact sequence 

^ ^ M/S P/S 0. 

Using Lemma 1.3.3 we can find a subbundle Q' <Z P/S such that ikQ' > ik P/S — e and 
Ext^(Q',-/V) = 0. Then the pull-back of the above exact sequence to Q' C P/S splits. 
Let Q' — > M/S be a splitting and let Q C P be the preimage of Q' in P. Since M is the 
fibered product of M/S and P over P/S we obtain a morphism Q ^ M with required 
properties. 

Step 2. Now using Lemma 3.1.3 we can find inductive systems of vector bundles (Mj) and 
(Ml) and a system of surjections f^: M^^ M[ inducing /. Since the functor Hom(5', — ) 
on Qcoh(T) commutes with inductive limits, there exists a commutative diagram of the 
form 

Mi — - M[ 



S ^P 

inducing our original diagram. It remains to apply Step 1. □ 

Lemma 3.1.5. Let M be a countably generated quasicoherent sheaf of finite rank. Then 
there exists a quasi vector bundle P of finite rank and a surjection P M. 

Proof. Since M is countably generated, there exists a sequence of finitely generated 
subsheaves Mi C M2 C . . . C M such that M — U„>iM„. Furthermore, we can choose a 
sequence of vector bundles Pi C P2 C . . . and of compatible surjections fn '■ Pn Mn. 
Let Kn = ker /„. We are going to choose recursively a sequence of vector bundles Qn C Kn 
such that Qn = Qn+i n Pn and rk Kn — rkQn < n/{n + 1). For n = 1 we choose Qi to 
be any subbundle of Ki such that rkKi — rkQi < 1/2. Assume that Qn is already 
constructed and let us set P^ = Pn/Qn, Pn+i = Pn+i/Qn, K'^ = ^n/Qn C P'n and 
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= i^n+i/<5n C P^+i- Note that nP;^ = K and ikK'^ < n/{n + 1). For every 
e > we can choose a vector bundle R C C P^^i such that rki? > rkA''^^^^ — e. 

Applying Lemma 3.1.4 to the surjection R ^ R/ RnP^ we find a subbundle Q^+i C Rr\Pn 
such that Q^+i lifts to a subbundle of R and rkQ'^_^_^ > vkR/R f] P^ — e. Note that 
RnP^G K'^. Hence, rk R/R nP^>rkR- n/{n + 1), and therefore, 

rk Q^+i > rk - n/{n + 1) - e. 

Viewing Qn+i as a subbundle Q'^+i <Z R C -f^^+i let us define Qn+i as a preimage of Q'^+i 
in Kn+i- Since Q^+i fl = 0, we obtain Qn+i n P„ = Qn- Also, 

rk - rk g„+i = rk - rk Q'^^^ < rk i? + e - rk Q^^^ < + 1) + 2e. 

Thus, if we choose e sufficiently small we will satisfy the condition rk X^+i — rk Q„+i < 
(n + l)/(n + 2). _ _ _ 

Now let us consider the sequence of vector bundles Pi C P2 C . . . , where P„ = Pn/Qn- 
Set P = Un>iPn- By definition P is a quasi vector bundle. Furthermore, 

rkP„ = rkP„-rk(5„ < rkP„ - rkiiT^ + n/(n + 1) = rkM„ + n/(n + 1). 

Hence, rkP < rkM + 1. □ 

Theorem 3.1.6. (i) A quasicoherent sheaf of finite rank is a projective object ofQcoh.{r)T) 
(resp., Q,coh.^ {r]T) ) iff it is isomorphic to a quasi vector bundle. 

(a) The categories Qcoh(?7T') and Qcoh.'^ (tit) have enough projective objects. The coho- 
mological dimension of Qcoh^ (rir) is at most 1. 

Proof, (i) First, let us prove that a vector bundle P considered as an object of Qcoh(?7r) is 
projective. Every surjection in Qcoh(?7T) can be represented by a morphism / : M — * M' 
in Qcoh(T) such that rkcoker(/) = 0. We have to show that every morphism from P 
to M' in Q,coh{r]T) factors through /. By definition, every such morphism is given by 
a morphism P' — > M'/F, where P' <Z P and F C M' are such that rk P/P' = and 
rkP = 0. Replacing M' by M'/F we can assume that P = 0. Also by Lemma 2.6.2 we 
can replace P by P'. Thus, it suffices to prove that every morphism P — > M' in Qcoh(T) 
factors through / in Qcoh(?7T). Let P' C P be the preimage of im(/) C M' . Then 
rk P/P' = 0, so replacing M' by im(/) and P by P' wc can assume that / is surjective. 
Iterating Lemma 3.1.4 we can construct a sequence of bundles C 6*2 C . . . C P such 
that rk^n > rkP — 1/n equipped with a system of compatible liftings of the induced 
morphisms Sn —>■ M' to morphisms Sn — > M. Indeed, to construct yS*! we apply Lemma 
3.1.4 with S — Q and e—1, and set Si — Q. II Sn is already constructed then we apply 
Lemma 3.1.4 with S = Sn and e = l/(n + 1), and set Sn+i = Q- Let P' — LinSn- Then 
the induced morphism P' M' factors through / and rk P/P' = 0, so we are done. 

Now if P is any quasi vector bundle of finite rank then we can choose a sequence of 
vector bundles Pi C P2 C . . . C P such that hmrkP„ = rkP. Note that UP„ ~ P in 
Qcoh(?72-), so we can assume that P = U„. As we have seen above, every Pj is a projective 
object in Qcoh(?7y). Therefore, by Lemma 2.9.1 P is also projective. 

Conversely, assume that M is a quasicoherent sheaf of finite rank which is a projective 
object of Qcoh-'^(?7T)- Without loss of generahty we can assume that M has no torsion. 
Also, we can choose a sequence of finitely generated subsheaves Mi C M2 C . . . C M such 
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that limrkM„ = rkM. Replacing M by U„>iMfj we can assume that M is countable 
generated. Then by Lemma 3.1.5 we can find a surjection P — > M in Qcoh(T), where 
P is a quasi vector bundle of finite rank. Now our assumption implies that there exists 
a splitting M — > P in Qcoh(?7r). Since P has no torsion, this spUtting is given by a 
morphism / : M' ^ P in Qcoh(r), where M' C M is such that rkM/M' = 0. Shrinking 
M' if necessary we can assume that the composition tt o / : M' M coincides with the 
embedding of M' into M. Hence, / is an embedding. By Lemma 2.6.2 this implies that 
M' is a quasi vector bundle. It remains to observe that M' ~ M in Qcoh(?7r)- 
(ii) Let M be any quasicoherent sheaf. Then we can find a collection of vector bundles 
(Pj) and a surjection P = ©Pj M. Note that each Pj is a projective object in Qcoh(?77-), 
hence P is also projective. This shows that Qcoh(?7T) has enough projective objects. The 
similar statement for the subcategory (^coh.^ {r]^) follows from Lemma 3.L5. Now the fact 
that the cohomological dimension of Q,co\i^ {jit) is < 1 follows easily from Lemma 2.6.2 
and from part (i). □ 

3.2. Isomorphisms in Qcoh(?7T). 

Lemma 3.2.1. Let P and P' he holomorphic vector bundles such that rkP = rkP'. Then 
P c:i P' in Qcoh(r7T) • 

Proof. By Theorem 1.4.2 it is enough to prove that deformation equivalent bundles 
become isomorphic in Q,coh{r]T)- Note that Theorem 3.1.6 implies that every exact triple 
of vector bundles splits in Qcoh(?7r). Hence, it is enough to prove the assertion in the 
case when Pi and P2 arc stable. Using Morita equivalences we can reduce to the case 
when rkPi = rkP2 = 1. Let us apply the construction of Theorem 1.3.1 to get a family 
(resp., 14'^) of stable subquotients of P (resp., P') numbered by the subsegments 
[a, b] of the division process described in section 1.2. Let also Vo^a C P (resp., C P') 
be the corresponding subbundles numbered hj a ^ Bg. We can choose these families in 
such a way that V^ j ~ V^'^ for all [a,b] appearing in the division process. Since all exact 
sequences of vector bundles split in Qcoh(?7T), it follows that Vo,a — Qcoh(?7T)- 
Hence, we get an isomorphism 

in Q,coh{r)T)- □ 

Lemma 3.2.2. Let V be a vector bundle. Then there exists an element v E {Z + Z6')>o 
such that for every r e Z + such that < r < rk y and x(r, v) > 0, there exists 
a subbundle W (Z V with rkl^ = r. Furthermore, if V is semistable then we can take 
V — rkV. 

Proof. If V is stable then the assertion follows from Theorem 1.3.1. In the general case 
let C FiV C F2V C ... C FnV = \/ be a fihration such that the bundles FiV / Fi_iV 
are stable and n{F^V) > n{F2V/F^V) >...> n{FnV / Fn-iV). Set Vi = rk{FiV / Fi_iV) . 
We claim that we can take v — Vn- Indeed, for every r between and ikV there exists i, 
1 < i < n, such that Vi + . . . + Vi^i < r < Vi + . . . + Vi. Set r' — r — {vi + . . . + Vi^i). 
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Since x(t'j, Vi) < ior j < i we have 

X{r', Vi) = x(r, Vi) - ^ x{vj,Vi) > 0. 
i=i 

Hence there exists a subbundle C FiV/Fi_iV with rkiy' = r'. It remains to take W 
to be the preimage of W in FiV (ZV. □ 

Lemma 3.2.3. Let Vi and V2 be vector bundles. Then for every e > there exist sub- 
bundles Wi C Vi and W2 C V2 such that 

rk Wi = rk > min(rk Vi, rk V2) — e. 

Proof. Indeed, let Vi and V2 be elements of (Z + 1^9)^0 chosen as in Lemma 3.2.2 for Vi 
and V2, respectively. Without loss of generality we can assume that x{vi,V2) > 0. Then 
for every r E Z + Z9 such that < r < min(rk Vi, rk T^) and x(r, i^i) > 0, there exists 
subbundles Wi C Vi and W2 C V2 with rk l^i = rk = r. Since the set of such r is 
dense in the interval [0, min(rkl/i,rkV2)] the assertion follows. □ 

Theorem 3.2.4. Let P and P' be quasi vector bundles of finite ranks on T such that 
rkP = rkP'. Then P ^ P' in Q,coh{r]T). 

Proof Let r = rk P = rk P' . First of all, by definition of the rank and by Lemma 2.6.1, for 

every e > there exist embeddings V <Z P and V C P' in Qcoh(T), where V and V are 
vector bundles and of rank > r — e. Applying Lemma 3.2.3 we find subbundles W C V and 
W C V such that ikW = W > r — 2e. Since V/W and V /W are again quasi vector 
bundles by Lemma 2.6.4, we can apply the same procedure to V/W and V /W again, 
and so on. Taking e = l/2n at the n-th step, we will construct in this way a sequence 
of subbundles = Wq C W^i C 1^2 C . . . C P (resp., = C W^i' C IV^ C . . . C P') 
such that ikWn = rkW^ > r - 1/n. It follows that rkU„lV„ = rkUnW^ = r. Hence, 
P ~ UnWn and P' ~ UnFF^ in Qcoh(?7T)- Now applying Theorem 3.1.6(i) we derive 
that \JnWn ^ ®n>iWnlWn-i (rcsp., U„W^,' ~ ®n>iWjW^_^) iu Qcoh(77T). It remains to 
observe that Wn/Wn-i ^ WU^L-i Qcoh(7^T) for all n > 1 by Lemma 3.2.1. □ 

Corollary 3.2.5. Projective objects in Qcoh.-^{riT) are determined up to an isomorphism 
by their rank. In other words, for a pair of projective objects P,P' e Qcoh-'^(?7r) one has 
P^P' iffrkP^rkP'. 

Proof. Combine Theorem 3.1.6(i) and Theorem 3.2.4. □ 

Corollary 3.2.6. One has Kq^QcoIi-^ {7]t)) — K and the effective cone is exactly ]R>o C M. 

3.3. Equivalences with categories of modules. Let P be a quasi vector bundle of 
finite rank and let Rp = EndQcoh(r?T)(-P)- Theorem 3.1.6 the corresponding functor 

Tp : Qcoh(?7j') mod— Rp : M 1— B.omQcoh(riT){Py ^) (3.3.1) 

is exact. Below we are going to study properties of the ring Rp and of the functor Tp. 

Recall that a ring R is called right semihereditary if every finitely generated right ideal 
in R is projective. 
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Proposition 3.3.1. For every quasi vector bundle P of finite rank the ring Rp is right 
semihereditary. 

Proof. A finitely generated ideal / C Rp is the image of a morphism of i?p- modules 
-Rp" Rp. Such a morphism is the image under Fp of a morphism / : P®" — P in 
Qcoh(?7T)- By Theorem 3.1.6 the projective dimension of coker(/) is < 1, hence, im(/) is 
projective. It follows that im(/) is a direct summand of P®". Therefore, / ~ rp(im(/)) 
is a direct summand of P®". □ 



Lemma 3.3.2. Let P be a projective object in an abelian category A, and let (P) C A 
denote the full subcategory consisting of objects that can be presented as the cokernel of a 
morphism of the form P®"^ —>■ P®". Then the functor Tp : X Hom^(P, X) induces an 
equivalence of (P) with the category mod-'^^ —Rp of finitely presented right modules over 
Rp. 

Proof First, let us construct a functor F : mod^^ —Rp — > Qcoh(?7r)- For a finitely 
presented module M we define F{M) as an object representing the functor 

X^Hom^^(M,rp(X)). 

To see that such an object exists we represent M as the cokernel of a morphism of Rp- 
modules R®^ — > P®". Every such a morphism comes from a morphism / : P®"* — > P®" 
and one can easily see that we can take F{M) = coker(/). It is clear from this construction 
that the image of F is contained in (P) and that rp(P(M)) ~ M for every finitely 
presented Pp-module M. This implies that 

Hom^,(M,M') ~ Homp,(M, rp(P(M'))) ~ HomQeoh(,.) (P(M), P(M')), 

so F is an equivalence of mod-^^ —Rp with the full subcategory of A. It is clear that the 
essential image of F is (P). □ 

Now we can prove our main result about the category Qcoh-'^(777'). 

Theorem 3.3.3. For every quasi vector bundle P of finite rank the functor (3.3.1) induces 
an equivalence o/Qcoh-^(77r) with the category of finitely presented right modules over Rp. 

This theorem is an immediate consequence of Lemma 3.3.2 and of the following result. 

Proposition 3.3.4. For every quasi vector bundle P of finite rank the subcategory (P) C 
Qcoh(r/T) coincides with Qcoh.-^ {7]t) . 

Proof. It is clear that (P) C Qcoh''^(?7T)- Note also that (P) is closed under direct sums 
and under passing to direct summands. Let Q be any other quasi vector bundle of finite 
rank. Pick a sufficiently large number N such that NrkP > rkQ and a quasi vector 
bundle R of rank A'"rkP — rkQ. By Theorem 3.2.4 there exists an isomorphism 

P®^ ^Q®R 

in Qcoh(r;T)- Hence, every quasi vector bundle of finite rank is contained in (P). Since (P) 
is closed under taking cokernels, from Theorem 3.1.6 we get that (P) = Q^coh.^ {r]T) ■ □ 

33 



Remarks. 1. We do not know whether Rp is actually von Neumann regular, i.e., whether 
every finitely generated right ideal in it is a direct summand. An equivalent question is 
whether the category Qcoh^ {rjT) is semisimple. Yet another reformulation of this question 
is whether every quasicoherent sheaf of finite rank is isomorphic to a quasi vector bundle 
in Qcoh.{r}T) (by Theorem 3.1.6(i)). 

2. It is not true that P is a generator of Qcoh(77T) (even if it is a vector bundle). More 
precisely, we claim that 

HomQeoh(r,^)(P, ®n=lP) ^ ®n=X HomQcoh{r,^) (P, P) ■ 

Indeed, using Lemma 1.3.3 it is easy to construct a collection of nonzero subbundlcs 
Pn <^ P such that we have an embedding ©^iP„ C P and Yli^=i Pn = P. Therefore, 
we obtain a direct sum decomposition in Qcoh(77j') 

P ^ ®n=lPn. 

Hence, 

HomQeoh(^T)(^,®^=i^) - HomQeoh(^T)(®^=i^n,e^=iP). 
Taking an element in this space that induces an embedding of Pn into the n-th summand 
P, one can easily derive our claim. 
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